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Abstract. We use sphericalization to study the Dirichlet problem, Perron solutions and
boundary regularity for p-harmonic functions on unbounded sets in Ahlfors regular metric
spaces. Boundary regularity for the point at infinity is given special attention. In particu-
lar, we allow for several “approach directions” towards infinity and take into account the
massiveness of their complements.
In 2005, Llorente–Manfredi–Wu showed that the p-harmonic measure on the upper
half space Rn+, n ≥ 2, is not subadditive on null sets when p 6= 2. Using their result and
spherical inversion, we create similar bounded examples in the unit ball B ⊂ Rn showing
that the n-harmonic measure is not subadditive on null sets when n ≥ 3, and neither
are the p-harmonic measures in B generated by certain weights depending on p 6= 2 and
n ≥ 2.
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1. Introduction
In this paper we use sphericalization to study Perron solutions and boundary reg-
ularity for p-harmonic functions on unbounded sets in metric measure spaces. On
unweighted Rn, a p-harmonic function in an open set Ω ⊂ Rn is a continuous weak
solution u of the p-Laplace equation
∆pu = div(|∇u|
p−2∇u) = 0.
Equivalently, u is a continuous minimizer of the p-energy integral among functions
with the same boundary values, i.e.∫
ϕ 6=0
|∇u|p dx ≤
∫
ϕ 6=0
|∇(u + ϕ)|p dx for all ϕ ∈ Lipc(Ω).
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This latter definition is suitable for generalization to metric spaces, using p-weak
upper gradients.
The setting considered in this paper is a complete metric space (X, d) equipped
with an Ahlfors Q-regular measure µ, Q > 1, supporting a q-Poincare´ inequality.
The precise relations between p, Q and q are given in (5.1) and (5.2) and make it
possible to “sphericalize” X into a new bounded metric space with suitable prop-
erties, where the theory of p-harmonic functions is well-developed.
Our primary object of study is the Dirichlet problem, which given f : ∂Ω→ R
asks for a p-harmonic function having f as boundary values in some weak sense. We
use the Perron method to solve this problem, which always provides two solutions
Pf ≤ Pf of the Dirichlet problem. When they coincide we denote the common
solution by Pf and f is called resolutive. Under the assumptions in this paper,
continuous functions are resolutive. A boundary point x0 ∈ ∂Ω is regular if
lim
Ω∋y→x
Pf(y) = f(x) for all f ∈ C(∂Ω).
Perron solutions for p-harmonic functions on bounded open sets Ω in metric
spaces were first studied in Bjo¨rn–Bjo¨rn–Shanmugalingam [12]. Boundary regu-
larity for p-harmonic functions on bounded open sets in metric spaces was stud-
ied even earlier in Bjo¨rn [18], Bjo¨rn–MacManus–Shanmugalingam [22] and Bjo¨rn–
Bjo¨rn–Shanmugalingam [11]; and a rather extensive study was carried out in Bjo¨rn–
Bjo¨rn [7].
In this paper, our main interest lies in proving resolutivity and boundary reg-
ularity in unbounded Ω by using sphericalization. The sphericalization technique
makes it possible to map the unbounded space X into a bounded metric space,
while preserving the p-harmonic functions, in the spirit of the Kelvin transform.
We can then appeal to the earlier results for bounded sets and “map” them back to
the original unbounded situation. When Ω is unbounded we consider its boundary
within the one-point compactification of X , so ∞ is included in the boundary.
Perron solutions for p-harmonic functions on unbounded open sets in metric
spaces have been studied by Hansevi [28] who realised that there were substan-
tial additional complications in the unbounded case compared with the bounded
case. There is some overlap between his and our results. To our best knowledge,
boundary regularity for p-harmonic functions on unbounded open sets in metric
spaces has not been studied before, beyond weighted Rn. However, regularity of
the boundary at ∞ for global p-harmonic functions on certain Cartan–Hadamard
manifolds and Gromov hyperbolic spaces was considered in e.g. Holopainen [32],
Holopainen–Lang–Va¨ha¨kangas [33] and Holopainen–Va¨ha¨kangas [34].
Li–Shanmugalingam [44] showed that (under suitable conditions) sphericaliza-
tion preserves Ahlfors regularity and Poincare´ inequalities. These significant results
are our starting point. The measure µa, with which they equipped the spherical-
ization, does however not preserve the p-energy, and we are therefore forced to
equip the sphericalization with a different measure µˆ, generated by a suitable power
weight. Using (a metric space version of) the theory of Muckenhoupt Ap weights
we can show that the sphericalization equipped with µˆ supports a p-Poincare´ in-
equality, provided the original space supports a q-Poincare´ inequality, with q given
by (5.2). This whole machinery is carried out in Sections 2–5.
In Section 6 we are then ready to start our study of p-harmonic functions and
especially Perron solutions on unbounded sets. We obtain several resolutivity and
perturbation results, see Theorems 6.5 and 6.7. We also show that boundary regu-
larity is a local property, that it can be characterized using barriers, and that the
Kellogg property holds, i.e. the set of irregular boundary points has capacity zero.
Since regularity is a local property, many of the results on boundary regularity
for bounded sets, such as the Wiener criterion, carry over directly to finite boundary
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points of unbounded sets. The point at ∞, however, requires special attention and
is studied in Section 7.
In unweighted Rn, n ≥ 2, with p > n/2 (in particular in R2 for any p > 1) we
get a number of new results. The resolutivity of continuous functions, the Kellogg
property and the barrier characterization have been known before in this setting, see
Kilpela¨inen [37, Theorems 1.5, 1.10 and Corollary 5.6]. The obtained resolutivity
results for Newtonian (and Dirichlet) functions are new when n/2 < p < n, while
for p ≥ n they were proved in Hansevi [28] using different methods. Theorem 6.6
is new for all p > n/2, although [28] contains a weaker result for unbounded p-
parabolic sets. We also obtain several new characterizations of boundary regularity
in unbounded sets, corresponding to the results in Bjo¨rn–Bjo¨rn [7, Theorem 6.1];
see also Heinonen–Kilpela¨inen–Martio [29, Chapter 9].
Since the p-energy is preserved, also quasiminimizers are preserved in just the
same way as p-harmonic functions. Hence, many earlier boundary regularity results
for quasiminimizers generalize from bounded to unbounded sets, see the end of
Section 6. It also follows that sphericalization is a quasiconformal mapping, by
Theorem 4.1 in Korte–Marola–Shanmugalingam [41].
In unbounded domains, the point at infinity can often be approached from dif-
ferent directions, e.g. in an infinite strip or cylinder. Also on bounded domains,
rather than using the given metric boundary, there are many situations where one
would like to distinguish between different directions towards a boundary point. For
example, in the slit disc, where a horizontal ray is removed from the disc, it is natu-
ral to consider different boundary values along the ray from above and from below.
Bjo¨rn–Bjo¨rn–Shanmugalingam [13] carried out such a study using the Mazurkiewicz
metric on bounded domains in metric spaces. We are now able to transfer these
results to unbounded domains, and we explain in particular what happens at infin-
ity in Section 7. We also provide an example where the point at ∞ corresponds to
uncountably many directions, i.e. boundary points with respect to the Mazurkiewicz
metric, and yet behaves well for the Perron method, see Example 7.5.
Llorente–Manfredi–Wu [45], using a very sophisticated argument due toWolff [50],
showed that for any p 6= 2 and n ≥ 2, there are sets A1, A2 ⊂ R
n−1 such that
ωp(A1;R
n
+) = ωp(A2;R
n
+) = 0 < ωp(A1 ∪ A2;R
n
+), (1.1)
where ωp( · ;R
n
+) denotes the p-harmonic measure with respect to the upper half
space Rn+. Despite its name, ωp( · ;R
n
+) is evidently not a measure, but rather a
nonlinear generalization of the harmonic measure, and (1.1) shows that it is not
even subadditive. In Section 8 we transfer the examples from [45] to the unit ball in
Rn and thus create similar bounded examples with respect to a weighted measure
depending on p and n. In particular, the measure is the usual Lebesgue measure
(without weight) when p = n, so we obtain an analogue of (1.1) for the usual
n-harmonic measure for the n-Laplacian in the unit ball.
Acknowledgement. The first two authors were supported by the Swedish Re-
search Council grants 2016-03424 and 621-2014-3974, respectively. The third au-
thor was supported by NSFC grant 11701582. Part of the research was done during
two visits of the third author to Linko¨ping University in 2016 and 2018.
2. Metric spaces and power weights
We assume throughout the paper that 1 < p < ∞ and that X = (X, d, µ) is a
metric space equipped with a metric d and a positive complete Borel measure µ
such that 0 < µ(B) < ∞ for all balls B ⊂ X . Additional standing assumptions
will be given at the beginning of Sections 3 and 5. Proofs of the results in this
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section can be found in the monographs Bjo¨rn–Bjo¨rn [9] and Heinonen–Koskela–
Shanmugalingam–Tyson [31].
The measure µ is doubling if there exists C > 0 such that for all balls B =
B(x0, r) := {x ∈ X : d(x, x0) < r} in X ,
0 < µ(2B) ≤ Cµ(B) <∞.
Here and elsewhere λB = B(x0, λr). A metric space with a doubling measure is
proper (i.e. closed bounded subsets are compact) if and only if it is complete.
A curve is a continuous mapping from an interval, and a rectifiable curve is a
curve with finite length. Unless otherwise mentioned, we will only consider curves
which are nonconstant, compact and rectifiable, and thus each curve can be pa-
rameterized by its arc length ds. For a family Γ of curves in X , we define its
p-modulus
Modp(Γ) := inf
∫
X
ρp dµ,
where the infimum is taken over all Borel functions ρ ≥ 0 such that
∫
γ
ρ ds ≥ 1
for all γ ∈ Γ. A property is said to hold for p-almost every curve if it fails only
for a curve family Γ with zero p-modulus. Following Heinonen–Koskela [30], we
introduce upper gradients as follows (they called them very weak gradients).
Definition 2.1. A Borel function g : X → [0,∞] is an upper gradient of a function
u : X → R := [−∞,∞] if for all curves γ : [0, lγ ]→ X ,
|u(γ(0))− u(γ(lγ))| ≤
∫
γ
g ds, (2.1)
where the left-hand side is interpreted as ∞ whenever at least one of the terms
therein is infinite. If g : X → [0,∞] is measurable and (2.1) holds for p-almost
every curve, then g is a p-weak upper gradient of u.
The p-weak upper gradients were introduced in Koskela–MacManus [42]. It was
also shown therein that if g ∈ Lploc(X) is a p-weak upper gradient of u, then one
can find a sequence {gj}
∞
j=1 of upper gradients of u such that ‖gj − g‖Lp(X) → 0.
If u has an upper gradient in Lploc(X), then it has an a.e. unique minimal p-weak
upper gradient gu ∈ L
p
loc(X) in the sense that gu ≤ g a.e. for every p-weak upper
gradient g ∈ Lploc(X) of u, see Shanmugalingam [48].
Together with the doubling property defined above, the following Poincare´ in-
equality is often a standard assumption on metric spaces.
Definition 2.2. We say that X (or µ) supports a q-Poincare´ inequality, q ≥ 1, if
there exist constants C > 0 and λ ≥ 1 such that for all balls B ⊂ X , all integrable
functions u on X and all (q-weak) upper gradients g of u,∫
B
|u − uB| dµ ≤ C diam(B)
(∫
λB
gq dµ
)1/q
,
where uB :=
∫
B
u dµ :=
∫
B
u dµ/µ(B).
As is customary, we say that A . B (and equivalently B & A), if there is a
constant C > 0 (independent of the variables that A and B are functions of) such
that A ≤ CB. We also write A ≃ B if A . B . A.
With this notation, µ is Ahlfors Q-regular if
µ(B(x, r)) ≃ rQ.
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Ahlfors regularity is a relatively strong assumption on the measure. At the
same time, it is easily verified that doubling measures in connected spaces satisfy
the one-sided estimates (
r′
r
)s
.
µ(B(x′, r′))
µ(B(x, r))
.
(
r′
r
)σ
for some 0 < σ ≤ s <∞, all x ∈ X , x′ ∈ B(x, r) and all 0 < r′ ≤ r ≤ 2 diamX .
The following proposition makes it possible to construct new well-behaved mea-
sures from old ones.
Proposition 2.3. Let X be a metric space equipped with a doubling measure µ such
that for some σ > 0, c ∈ X and all 0 < r′ ≤ r ≤ 2 diamX,
µ(B(c, r′))
µ(B(c, r))
.
(
r′
r
)σ
. (2.2)
Let α ∈ R and w(x) = d(x, c)α. Then the following are true for all balls B ⊂ X,
with comparison constants depending on the one in (2.2), as well as on α and σ:
(a) If p > 1 and −σ < α < σ(p− 1), then∫
B
w dµ
(∫
B
w1/(1−p) dµ
)p−1
. 1. (2.3)
(b) If −σ < α ≤ 0, then ∫
B
w dµ . ess inf
B
w. (2.4)
If (2.3) holds, we say that w is an Ap weight with respect to µ, while if (2.4)
holds then w is an A1 weight. We also write w ∈ Ap(µ), p ≥ 1, in these cases.
Proof. We shall distinguish between three types of balls:
1. Let B = B(c, r), 0 < r ≤ 2 diamX . Then for all α > −σ,∫
B
d(x, c)α dµ ≃
∞∑
j=0
(2−jr)αµ(2−jB \ 2−j−1B)
.
∞∑
j=0
(2−jr)α(2−j)σµ(B) ≃ rαµ(B). (2.5)
Replacing α by α/(1 − p) > −σ in (2.5) we obtain(∫
B
w1/(1−p) dµ
)p−1
. (rα/(1−p))p−1 = r−α.
Together with (2.5), this yields (2.3) for B = B(c, r). To prove (2.4) for such B, it
suffices to note that for all α ≤ 0,
ess inf
B
d(x, c)α ≥ rα.
2. If B = B(z, r) and r > 12d(z, c) then B ⊂ B(c, 3r) and µ(B) ≃ µ(B(c, 3r)),
by the doubling property of µ. We can therefore replace B by B(c, 3r) in (2.3)
and (2.4) as follows, using case 1,∫
B
w dµ
(∫
B
w1/(1−p) dµ
)p−1
.
∫
B(c,3r)
w dµ
(∫
B(c,3r)
w1/(1−p) dµ
)p−1
. 1
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and ∫
B
w dµ .
∫
B(c,3r)
w dµ . ess inf
B(c,3r)
w ≤ ess inf
B
w.
3. If B = B(z, r) and 0 < r ≤ 12d(z, c) then w(x) = d(x, c)
α ≃ d(z, c)α for all
x ∈ B and hence∫
B
w dµ ≃ d(z, c)α and
∫
B
w1/(1−p) dµ ≃ d(z, c)α/(1−p),
from which (2.3) follows. Similarly,∫
B
w dµ ≃ d(z, c)α ≃ ess inf
B
w.
Proposition 2.3 can be combined with Theorem 4 in Bjo¨rn [17] (whose proof
works also in metric spaces) to obtain the following result.
Corollary 2.4. Assume that µ is doubling, satisfies (2.2) and supports a q-Poincare´
inequality on X. Then the measure dν = d(x, c)α dµ, with −σ < α ≤ 0, is also
doubling and supports a q-Poincare´ inequality. For α > 0 it is doubling and supports
a q′-Poincare´ inequality for every q′ > q(1 + α/σ).
3. Sphericalization
From now on we assume that (X, d, µ) is complete and unbounded.
Following Li–Shanmugalingam [44] we will now define the sphericalization of X .
Let X̂ = X ∪{∞} be the one-point compactification of X . We also fix a base point
a ∈ X from now on. Define da, dˆ : X̂ × X̂ → [0,∞) by
da(x, y) = da(y, x) =

d(x, y)
(1 + d(x, a))(1 + d(y, a))
, if x, y ∈ X,
1
1 + d(x, a)
, if x ∈ X and y =∞,
0, if x = y =∞,
and
dˆ(x, y) = inf
(x=x0,x1,...,xk=y)
k∑
j=1
da(xj , xj−1), (3.1)
where the infimum is over all finite sequences (x = x0, x1, ... , xk = y). This makes
dˆ into a metric on X̂ , and (X̂, dˆ) is the sphericalization of (X, d). Moreover,
1
4da(x, y) ≤ dˆ(x, y) ≤ da(x, y), (3.2)
see (3.2) in Buckley–Herron–Xie [24] and the proof of Lemma 2.2 in Bonk–Kleiner [23].
Note that da is in general not a metric since the triangle inequality may fail for it.
We will denote balls in (X̂, dˆ) by B̂(x, r).
In Li–Shanmugalingam [44], the sphericalization (X̂, dˆ) is equipped with the
measure µa defined by
µa(A) =
∫
A\{∞}
dµ(x)
µ(B(a, 1 + d(x, a)))2
.
Proposition 3.1. It is always true that µa(X̂) <∞.
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Proof. Let bj = µ(B(a, j)) (with b0 = 0). Then
µa(X̂) ≤
∞∑
j=0
bj+1 − bj
b2j+1
≤
1
b1
+
∞∑
j=1
bj+1 − bj
bjbj+1
=
1
b1
+
∞∑
j=1
(
1
bj
−
1
bj+1
)
≤
2
b1
.
In this paper it will be more useful to equip (X̂, dˆ) with the measure µˆ defined
by
µˆ(A) =
∫
A\{∞}
dµ(x)
(1 + d(x, a))2p
.
In order to use the results from [44] we will need to carefully study the connections
between the measures µa and µˆ, which we do in Section 5. For the rest of this
section we will only use the measure µˆ on X̂. Note that µˆ depends on p, even
though this is not made explicit in the notation.
The measure µˆ(X̂) can be either finite or infinite. Strictly speaking, as X̂ is
bounded, to fall within the scope of the theory considered e.g. in [9] we would need
to require that µˆ(X̂) < ∞, but the results in the rest of this section, as well as in
Section 4, remain valid also in the case when µˆ(X̂) = ∞. Under the assumptions
at the beginning of Section 5 it follows from Proposition 5.1 that µˆ(X̂) <∞.
If γ : [0, 1] → X is a (not necessarily rectifiable) curve, then we can con-
sider its length with respect to d and with respect to dˆ. It is quite easy (cf.
Li–Shanmugalingam [44]) to see that the arc lengths ds and dsˆa with respect to
d and dˆ, respectively, are related by
dsˆa(x) =
ds(x)
(1 + d(x, a))2
. (3.3)
As γ([0, 1]) is compact it follows that γ is rectifiable with respect to d if and only if
it is rectifiable with respect to dˆ.
Lemma 3.2. Let Γ be a collection of rectifiable curves on X. Then
Modp(Γ;X, d, µ) = Modp(Γ; X̂, dˆ, µˆ).
Proof. Let ρ be a nonnegative Borel function which is admissible in the definition
of Modp(Γ;X, d, µ), i.e.
∫
γ
ρ ds ≥ 1 for all γ ∈ Γ. Let ρˆ(x) = ρ(x)(1 + d(x, a))2.
Then, by (3.3), ∫
γ
ρˆ dsˆa =
∫
γ
ρ ds ≥ 1,
and thus ρˆ is admissible in the definition of Modp(Γ; X̂, dˆ, µˆ). Moreover,∫
X̂
ρˆp dµˆ =
∫
X
ρ(x)p(1 + d(x, a))2p
dµ(x)
(1 + d(x, a))2p
=
∫
X
ρp dµ.
Taking infimum over all such ρ shows that Modp(Γ; X̂, dˆ, µˆ) ≤ Modp(Γ;X, d, µ).
The converse inequality is shown similarly.
Lemma 3.3. Let Ω ⊂ X be open, u : Ω → R be a function, g : Ω → [0,∞] be
measurable, and
gˆ(x) = g(x)(1 + d(x, a))2, x ∈ Ω.
Then g is a p-weak upper gradient of u in Ω with respect to (d, µ) if and only if gˆ
is a p-weak upper gradient of u in Ω with respect to (dˆ, µˆ).
Observe that measurability is the same with respect to µ and µˆ.
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Proof. Assume that g is a p-weak upper gradient of u with respect to (d, µ). Let Γ be
the family of exceptional curves in Ω for which (2.1) fails. Then Modp(Γ;X, d, µ) =
0. Let γ : [0, lγ ]→ Ω be a curve not in Γ. Then, using (3.3),
|u(γ(0))− u(γ(lγ))| ≤
∫
γ
g ds =
∫
γ
gˆ dsˆa.
As Modp(Γ; X̂, dˆ, µˆ) = Modp(Γ;X, d, µ) = 0, by Lemma 3.2, we have shown that gˆ
is a p-weak upper gradient of u with respect to (dˆ, µˆ). The converse implication is
shown similarly.
4. Newtonian spaces and capacity
Following Shanmugalingam [47], we define a version of Sobolev spaces on the metric
space X .
Definition 4.1. For a measurable function u : X → R, let
‖u‖N1,p(X) =
(∫
X
|u|p dµ+ inf
g
∫
X
gp dµ
)1/p
,
where the infimum is taken over all upper gradients g of u. The Newtonian space
on X is
N1,p(X) = {u : ‖u‖N1,p(X) <∞}.
The space N1,p(X)/∼, where u ∼ v if and only if ‖u−v‖N1,p(X) = 0, is a Banach
space and a lattice, see Shanmugalingam [47]. We also define
Dp(X) = {u : u is measurable and has an upper gradient in Lp(X)}.
In this paper we assume that functions in N1,p(X) and Dp(X) are defined every-
where (with values in R), not just up to an equivalence class in the corresponding
function space. This is important for upper gradients to make sense.
For a measurable set E ⊂ X , the Newtonian space N1,p(E) is defined by con-
sidering (E, d|E , µ|E) as a metric space in its own right. We say that u ∈ N
1,p
loc (E) if
for every x ∈ E there exists a ball Bx ∋ x such that u ∈ N
1,p(Bx ∩E). The spaces
Dp(E) and Dploc(E) are defined similarly.
Definition 4.2. The (Sobolev) capacity of an arbitrary set E ⊂ X is
Cp(E) = inf
u
‖u‖pN1,p(X),
where the infimum is taken over all u ∈ N1,p(X) such that u ≥ 1 on E.
We say that a property holds quasieverywhere (q.e.) if the set of points for
which the property fails has capacity zero. The capacity is the correct gauge for
distinguishing between two Newtonian functions. If u ∈ N1,p(X), then u ∼ v if and
only if u = v q.e. Moreover, if u, v ∈ Dploc(X) and u = v a.e., then u = v q.e.
Proposition 4.3. Let Ω ⊂ X be open and u : Ω → R be measurable. Then
u ∈ Dploc(Ω, d, µ) if and only if u ∈ D
p
loc(Ω, dˆ, µˆ), and in this case
gˆu(x) = gu(x)(1 + d(x, a))
2 for a.e. x ∈ Ω,
where gu and gˆu are the minimal p-weak upper gradients with respect to (d, µ) and
(dˆ, µˆ), respectively. Moreover, ∫
Ω
gpu dµ =
∫
Ω
gˆpu dµˆ, (4.1)
and thus Dp(Ω, d, µ) = Dp(Ω, dˆ, µˆ).
Sphericalization and p-harmonic functions on unbounded domains in Ahlfors regular spaces 9
Proof. If u ∈ Dp(Ω, d, µ) has a minimal p-weak upper gradient gu, then gˆ :=
gu(x)(1 + d(x, a))
2 is a p-weak upper gradient of u with respect to (dˆ, µˆ), by
Lemma 3.3. Moreover,∫
Ω
gˆp dµˆ =
∫
Ω
gu(x)
p(1 + d(x, a))2p
dµ(x)
(1 + d(x, a))2p
=
∫
Ω
gpu dµ.
Thus u ∈ Dp(Ω, dˆ, µˆ) and gˆu ≤ gˆ a.e. The converse inequality is shown similarly,
and hence gˆu = gˆ a.e.
The local case follows since the minimal p-weak upper gradient only depends on
the function locally, see [9, Lemma 2.23 and Remark 2.28].
For N1,p we have the following corresponding result.
Proposition 4.4. Let Ω ⊂ X be open and u : Ω → R be measurable. Then the
following are true:
(a) ‖u‖N1,p(Ω,dˆ,µˆ) ≤ ‖u‖N1,p(Ω,d,µ) and thus N
1,p(Ω, d, µ) ⊂ N1,p(Ω, dˆ, µˆ).
(b) If Ω is bounded, then N1,p(Ω, d, µ) = N1,p(Ω, dˆ, µˆ), as sets but with compara-
ble norms (depending on Ω).
(c) N1,ploc (Ω, d, µ) = N
1,p
loc (Ω, dˆ, µˆ).
Proof. Clearly, (c) follows directly from (b). To prove (b), we note that because
of Proposition 4.3, u ∈ Dp(Ω, d, µ) if and only if u ∈ Dp(Ω, dˆ, µˆ), with equal semi-
norms (4.1). Since Ω is bounded, we also have that 1 + d(x, a) ≃ 1 for all x ∈ Ω,
which implies that ∫
Ω
|u|p dµ ≃
∫
Ω
|u|p dµˆ
with comparison constants depending on Ω. Thus u ∈ N1,p(Ω, d, µ) if and only if
u ∈ N1,p(Ω, dˆ, µˆ) with comparable norms.
Finally, (a) follows immediately from (4.1) and the fact that dµˆ ≤ dµ.
We shall write Ĉp and Cp for the capacities associated with the spaces (X̂, dˆ, µˆ)
and (X, d, µ), respectively.
Lemma 4.5. Let E ⊂ X. Then Ĉp(E) = 0 if and only if Cp(E) = 0.
Proof. The inequality Ĉp(E) . Cp(E) follows directly from Proposition 4.4 (a).
Conversely, assume that Ĉp(E) = 0. By Proposition 4.4 (b), the N
1,p-norms
are comparable in B(a, 2j), j ≥ 1, from which it follows that Cp(E ∩ B(a, j)) = 0,
see e.g. Lemma 2.24 in [9]. The countable subadditivity of the capacity then shows
that Cp(E) = 0.
5. Poincare´ inequalities under sphericalization
From now on we assume that (X, d, µ) is complete and unbounded, and that µ is
Ahlfors Q-regular with Q > 1. We also assume that{
1 < p < Q/(2−Q), if 1 < Q < 2,
p > Q/2, if Q ≥ 2,
(5.1)
and that (X, d, µ) supports a q-Poincare´ inequality, where
q =
{
p, if Q/2 < p ≤ Q,
pQ/(2p−Q), if p ≥ Q.
(5.2)
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These assumptions are satisfied e.g. if X = Rn, n ≥ 2, equipped with the
Lebesgue measure, and p > n/2. In particular, all p > 1 are allowed in R2.
For every Q > 1, Laakso [43] constructed a complete bounded Ahlfors Q-regular
metric space supporting a 1-Poincare´ inequality. Since it is bounded it does not
fall within our scope here, but its flattening is an unbounded complete Ahlfors Q-
regular metric space supporting a 1-Poincare´ inequality, see Proposition 4.1 and
Theorem 4.4 in Li–Shanmugalingam [44] and Theorem 3.3 in Korte [40].
Since X is complete and µ is doubling and supports a Poincare´ inequality, it
follows that (X, d) is quasiconvex, i.e. there is a constant C ≥ 1 such that each pair
of points x and y in the space can be joined by a curve γ with length
lγ ≤ Cd(x, y),
see e.g. Theorem 4.32 in [9]. Moreover, 1 < q ≤ Q and thus Theorem 3.3 in
Korte [40] implies that X is also annularly quasiconvex, i.e. there is a constant
Λ ≥ 1 such that whenever B ⊂ X is a ball and y, z ∈ B \ 12B, there is a curve
γ ⊂ ΛB \ (2Λ)−1B connecting y to z and such that lγ ≤ Λd(y, z).
It follows from Theorem 6.5 in Buckley–Herron–Xie [24] that also the spherical-
ization (X̂, dˆ) is both quasiconvex and annularly quasiconvex. By Proposition 3.1
and Theorem 3.6 in Li–Shanmugalingam [44], (X̂, dˆ, µa) is Ahlfors Q-regular and
supports a q-Poincare´ inequality.
Proposition 5.1. The space (X̂, dˆ, µˆ) supports a p-Poincare´ inequality and µˆ is
doubling on (X̂, dˆ).
Proof. Since µ is Ahlfors Q-regular, we have by (3.2),
dµˆ(x) =
dµ(x)
(1 + d(x, a))2p
≃ (1 + d(x, a))2(Q−p)
dµ(x)
µ(B(a, 1 + d(x, a)))2
= (1 + d(x, a))2(Q−p)dµa(x) ≃ dˆ(x,∞)
2(p−Q)dµa(x). (5.3)
We have already observed that µa is Ahlfors Q-regular and supports a q-Poincare´
inequality on (X̂, dˆ). Proposition 2.3 with α = 2(p − Q) and σ = Q now implies
that the weight dˆ(x,∞)2(p−Q) belongs to
• A1(µa) when −Q < 2(p−Q) ≤ 0 (which is equivalent to Q/2 < p ≤ Q),
• Aτ (µa) with τ > 1 when 0 < 2(p − Q) < Q(τ − 1), i.e. for p > Q and
τ > 2p/Q− 1.
By Corollary 2.4, µˆ is doubling on (X̂, dˆ).
Since µa supports a q-Poincare´ inequality on (X̂, dˆ), Corollary 2.4 also implies
that µˆ supports a p-Poincare´ inequality when Q/2 < p ≤ Q.
For p > Q, we first need to use Theorem 1.0.1 in Keith–Zhong [36] to see that µa
supports a q′-Poincare´ inequality on (X̂, dˆ) for some q′ < q = pQ/(2p− Q). From
this it follows, by Corollary 2.4, that µˆ supports a q′τ -Poincare´ inequality on (X̂, dˆ)
whenever τ > 2p/Q− 1, and thus a p-Poincare´ inequality, as p > q′(2p/Q− 1).
Remark 5.2. The proof of Proposition 5.1 also shows that if (X, d, µ) supports a
q′-Poincare´ inequality for some specific q′ < p ≤ Q, then also (X̂, dˆ, µˆ) supports a
q′-Poincare´ inequality. For p > Q and q < pQ/(2p− Q), (X̂, dˆ, µˆ) also supports a
q¯-Poincare´ inequality for some q¯ < p (in fact for any q¯ > q′(2p − Q)/Q, but not
necessarily with q¯ = q′). Such assumptions of better Poincare´ inequalities are often
used in the subsequent theory of p-harmonic functions. At the same time, since
we assume that X (and thus X̂) is complete, the self-improvement result in Keith–
Zhong [36, Theorem 1.0.1] shows that the p-Poincare´ inequality implies a better
q′-Poincare´ inequality for some q′ < p (but with no good explicit control on q′).
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We are now ready to refine Lemma 4.5.
Lemma 5.3. Let E ⊂ X̂.
(a) If ∞ /∈ E, then Ĉp(E) = 0 if and only if Cp(E) = 0.
(b) If ∞ ∈ E, then Ĉp(E) = 0 if and only if Cp(E \ {∞}) = 0 and p ≥ Q.
(c) If p > Q, then Ĉp(E) = 0 if and only if E = ∅ or E = {∞}.
Proof. (a) This follows directly from Lemma 4.5.
(b) We need to determine when Ĉp({∞}) = 0, for which we will use results from
Bjo¨rn–Bjo¨rn–Lehrba¨ck [10]. As µa is Ahlfors Q-regular, it is also reverse-doubling,
i.e. there are constants θ, τ > 1 such that
µa(B(x, τr)) ≥ θµa(B(x, r)) whenever x ∈ X̂ and 0 < r ≤ diam X̂/2τ.
Thus we get the following estimates, using (5.3) and denoting balls with respect to
X̂ by B̂,
µˆ(B̂(∞, r)) ≃
∞∑
j=0
(rτ−j)2(p−Q)µa(B̂(∞, rτ
−j) \ B̂(∞, rτ−j−1))
≃
∞∑
j=0
(rτ−j)2(p−Q)(rτ−j)Q ≃ r2p−Q,
since 2p− Q > 0, by (5.1). In the notation of [10], this means that the dimension
sets of (X̂, dˆ, µˆ) at ∞ satisfy
SX̂0 (∞) = (0, 2p−Q] and S
X̂
0 (∞) = [2p−Q,∞).
Thus Ĉp({∞}) = 0 if and only if p ≤ 2p − Q (which is equivalent to p ≥ Q), by
Proposition 1.3 in [10].
(c) Let x ∈ X . Then, following the notation in [10], we have S
X
0 (x) = [Q,∞)
since X is Ahlfors Q-regular. It thus follows from Proposition 1.3 in [10], or Corol-
lary 5.39 in [9], that Cp({x}) > 0. Hence, (c) follows from (a) and (b).
6. p-harmonic functions on unbounded domains
Recall the assumptions (5.1) and (5.2) on p and X. From now on we also assume
that Ω ⊂ X is a nonempty open set and we regard Ω simultaneously as a subset of
(X, d, µ) and of (X̂, dˆ, µˆ).
In this section we apply sphericalization and the results from the earlier sec-
tions to obtain results about p-harmonic functions and the Dirichlet problem on
unbounded sets. Let Lipc(Ω) denote the space of Lipschitz functions with compact
support in Ω.
Definition 6.1. A function u ∈ N1,ploc (Ω, d, µ) is a (super)minimizer in Ω (with
respect to (d, µ)) if∫
ϕ 6=0
gpu dµ ≤
∫
ϕ 6=0
gpu+ϕ dµ for all (nonnegative) ϕ ∈ Lipc(Ω),
where gu and gu+ϕ are the minimal p-weak upper gradients of u and u + ϕ with
respect to (d, µ). (Super)minimizers with respect to (dˆ, µˆ) are defined analogously.
A p-harmonic function is a continuous minimizer.
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For various characterizations of (super)minimizers see [9] or Bjo¨rn [3]. It was
shown in Kinnunen–Shanmugalingam [39] that under the assumptions of doubling
and a p-Poincare´ inequality, a minimizer can be modified on a set of zero capacity to
obtain a p-harmonic function. For a superminimizer u, it was shown by Kinnunen–
Martio [38] that its lsc-regularization
u∗(x) := ess lim inf
y→x
u(y) = lim
r→0
ess inf
B(x,r)
u
is also a superminimizer and u∗ = u q.e.
We are primarily interested in the Dirichlet (boundary value) problem for p-
harmonic functions, and the associated boundary regularity. The most general way
of treating the Dirichlet problem is to consider Perron solutions, and in order to
define them we need superharmonic functions.
Definition 6.2. A function u : Ω → (−∞,∞], which is not identically ∞ in any
component of Ω, is superharmonic if it is lsc-regularized (i.e. u = u∗) and min{u, k}
is a superminimizer for every k ∈ Z.
This is not the traditional definition of superharmonic functions, but it is one of
several equivalent characterizations used in various places of the nonlinear literature,
cf. Kinnunen–Martio [38, Section 7], Bjo¨rn [2, Theorem 7.1] or [9, Theorem 9.24].
Our choice of the sphericalization measure µˆ leads to the following invariance
result which will be important for applications in this section.
Theorem 6.3. A function u : Ω → R is a (super)minimizer in Ω with respect to
(d, µ) if and only if it is a (super)minimizer in Ω with respect to (dˆ, µˆ).
Similarly, p-harmonicity and superharmonicity are the same in the two situa-
tions.
Proof. Proposition 4.4 shows that the spaces N1,ploc (Ω, d, µ) and N
1,p
loc (Ω, dˆ, µˆ), ap-
pearing in Definition 6.1, coincide. Moreover, since Ω ⊂ X , ϕ ∈ Lipc(Ω, d) if and
only if ϕ ∈ Lipc(Ω, dˆ), i.e. the sets of test functions for both notions of supermini-
mizers coincide. Proposition 4.3 implies that∫
ϕ 6=0
gpu dµ =
∫
ϕ 6=0
gˆpu dµˆ and
∫
ϕ 6=0
gpu+ϕ dµ =
∫
ϕ 6=0
gˆpu+ϕ dµˆ,
where gˆu and gˆu+ϕ are the minimal p-weak upper gradients of u and u + ϕ in Ω
with respect to dˆ, respectively. Taking all this into account shows the equivalence
of the two notions of superminimizers.
It now follows directly from the definitions that also the two notions of p-
harmonicity and superharmonicity (with respect to (d, µ) and (dˆ, µˆ)) are equiva-
lent.
We are now ready to define the Perron solutions. We consider the Dirichlet
problem with respect to the boundary ∂̂Ω corresponding to X̂, i.e. for unbounded
Ω ⊂ X we set ∂̂Ω = ∂Ω ∪ {∞}. This is in accordance with the definitions used in
Heinonen–Kilpela¨inen–Martio [29] and Hansevi [28].
Definition 6.4. Given f : ∂̂Ω→ R, let Uf be the set of all superharmonic functions
u on Ω, bounded from below, such that
lim inf
Ω∋y→x
u(y) ≥ f(x) (6.1)
for all x ∈ ∂̂Ω. The upper Perron solution of f is then defined to be
Pf(x) = inf
u∈Uf
u(x), x ∈ Ω,
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while the lower Perron solution of f is defined by Pf = −P (−f). If Pf = Pf and
it is real-valued, then we let Pf := Pf and f is said to be resolutive with respect
to Ω.
Note that in (6.1) the limit can be equivalently taken with respect to da, dˆ
or d, where in the last case y → ∞ is interpreted in the obvious way. Thus, by
Theorem 6.3, Perron solutions with respect to (d, µ) and (dˆ, µˆ) are the same.
As Ω is always bounded as a subset of the sphericalization X̂ , we can now use
all the results about p-harmonic functions on bounded sets for it and they will
automatically transfer to p-harmonic functions and Perron solutions on Ω ⊂ X
even for unbounded Ω (with boundary ∂̂Ω).
For the Perron method on X̂ we need to require that Ĉp(X̂ \ Ω) > 0, which by
Lemma 5.3 happens if and only if Cp(X \ Ω) > 0 or p < Q. If p > Q this amounts
exactly to requiring that Ω 6= X , by Lemma 5.3.
So from now on we assume that
Ω ⊂ X is unbounded, and that Cp(X \ Ω) > 0 or p < Q. (6.2)
In this case we get, using the correspondence above, a rich theory also on Ω seen
as an unbounded open subset of the original space X . (When Ĉp(X̂ \ Ω) = 0, the
Perron method gets somewhat pathological, but this is not the right place to dwell
upon that.)
First we observe that Theorem 4.1 in Bjo¨rn–Bjo¨rn–Shanmugalingam [12] (or
[9, Theorem 10.10]) shows that the Perron solutions are either identically ±∞ or
p-harmonic in each component of Ω, and thus in the latter case provide reasonable
candidates for solutions of the Dirichlet problem. Moreover, by Theorem 7.2 in
Kinnunen–Martio [38] (or [9, Theorem 9.39]), Pf ≤ Pf for all f : ∂̂Ω→ R.
More importantly, various resolutivity results for bounded domains from Bjo¨rn–
Bjo¨rn–Shanmugalingam [12], [13], Hansevi [28] and Bjo¨rn–Bjo¨rn–Sjo¨din [15] trans-
form directly into results for unbounded Ω. In unweighted and weighted Rn, n ≥ 2,
some of these consequences recover old results by Kilpela¨inen [37] resp. Heinonen–
Kilpela¨inen–Martio [29, Chapter 9], but we also obtain many new results.
Some of the results below were obtained by different methods in Hansevi [28]
when the space X is p-parabolic (i.e. p ≥ Q, see Bjo¨rn–Bjo¨rn–Lehrba¨ck [10, Re-
mark 8.7]), or more generally when Ω is p-parabolic (see Definition 4.1 in [28] or
Definition 7.10 below), which is satisfied for many unbounded sets also when p < Q.
The Dirichlet problem on unbounded domains with respect to prime end boundaries
has been considered in Estep [27].
Some of the obtained consequences are somewhat technical to describe, and in
order to keep the exposition limited we will not go into full generality. To avoid
misunderstanding and to make the results accessible for readers not interested in
the sphericalization X̂ , we formulate them using the capacity and other notions
on X . It should be fairly straightforward for the interested reader to transform
also other results from the above mentioned papers, e.g. those involving a better
capacity and generalized boundaries.
Theorem 6.5. Assume that (5.1), (5.2) and (6.2) are satisfied. Let f ∈ C(∂̂Ω)
and assume that h : ∂̂Ω→ R vanishes Cp-q.e. on ∂Ω. Then the following hold :
(a) If p < Q and h(∞) = 0 then both f and f+h are resolutive and Pf = P (f+h).
(b) If p ≥ Q then both f and f + h are resolutive and Pf = P (f + h). Moreover,
the requirement (6.1) in the definition of Pf and Pf only needs to be satisfied
at finite boundary points x ∈ ∂Ω.
Note that for p > Q the function h in Theorem 6.5 is allowed to be nonzero only
at ∞, since finite points have positive capacity.
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In unweighted Rn with p > n/2, p 6= 2, this result (as well as the uniqueness
result in Theorem 6.6 below) is new, although the resolutivity of f was shown
already by Kilpela¨inen [37, Theorem 1.10].
Proof. Resolutivity and invariance under the perturbation h follow from [12, Theo-
rem 6.1] (or [9, Theorem 10.22]) and the above discussion. We also need to appeal
to Lemma 5.3, which shows that {∞} has zero capacity if and only if p ≥ Q, and
can therefore be disregarded in this case.
To conclude the proof, let p ≥ Q and u be a superharmonic function on Ω
bounded from below and such that (6.1) holds for all x ∈ ∂Ω. Then u ∈ Uf+hˆ,
where hˆ = −∞χ{∞}, and hence the already proved invariance part shows that
u ≥ P (f + hˆ) = Pf.
Taking infimum over all such u shows that the infimum in the definition of Perron
solutions does not get smaller by relaxing (6.1). That it cannot get larger is trivial,
since it is taken over a larger class of functions.
The following theorem provides us with a unique solution of the Dirichlet prob-
lem on unbounded domains. Note, however, that the point at infinity is regarded
as a boundary point even if the usual boundary ∂Ω is bounded. This additional
requirement is necessary if p < Q.
Theorem 6.6. Assume that (5.1), (5.2) and (6.2) are satisfied. Let f ∈ C(∂̂Ω).
Then u = Pf is the unique bounded p-harmonic function u on Ω such that
lim
Ω∋y→x
u(y) = f(x) for Cp-q.e. x ∈ ∂Ω
and also for x =∞ when p < Q.
Proof. This follows directly from [9, Theorem 10.24], together with Lemma 5.3 and
the above discussion.
For Newtonian functions, and more generally Dirichlet functions, we obtain the
following resolutivity and uniqueness results corresponding to Theorems 6.5 and 6.6.
Theorem 6.7. Assume that (5.1), (5.2) and (6.2) are satisfied. Let f ∈ Dp(X, d, µ)
and assume that h : ∂̂Ω→ R vanishes Cp-q.e. on ∂Ω. Then the following hold :
(a) If p < Q, h(∞) = 0 and limy→∞ f(y) =: f(∞) exists (in R), then both f and
f + h are resolutive and Pf = P (f + h).
(b) If p ≥ Q, then both f and f +h are resolutive and Pf = P (f +h). Moreover,
the requirement (6.1) in the definition of Pf and Pf only needs to be satisfied
at finite boundary points x ∈ ∂Ω.
Proof. The resolutivity and invariance follow from the sphericalization process to-
gether with (the bounded case of) Theorem 7.6 in Hansevi [28], if we can show that
f ∈ Dp(X̂, dˆ, µˆ). To this end, note that f ∈ Dp(X, dˆ, µˆ), by Proposition 4.3. Let
gˆ ∈ Lp(X, µˆ) be an upper gradient of f in X with respect to dˆ, and let gˆ(∞) be
arbitrary.
If p ≥ Q then Ĉp({∞}) = 0, by Lemma 5.3, and hence p-almost every curve
in X̂ avoids ∞ (by [9, Proposition 1.48]), which immediately implies that gˆ is a
p-weak upper gradient of f in X̂ , and thus f ∈ Dp(X̂, dˆ, µˆ).
For p < Q, let γ ⊂ X̂ be a rectifiable curve. If γ ⊂ X , there is nothing to
prove. So, by splitting γ into parts and reversing the orientation, if necessary, we
can assume that γ−1({∞}) = {0}. The continuity of f at ∞ then yields
|f(γ(0))− f(γ(lγ))| = lim
t→0
|f(γ(t))− f(γ(lγ))| ≤
∫
γ
gˆ ds.
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Since γ was arbitrary, we conclude that gˆ is an upper gradient of f in X̂ , and thus
f ∈ Dp(X̂, dˆ, µˆ).
The last part in (b) is proved in the same way as the similar statement in
Theorem 6.5.
Proposition 6.8. Assume that (5.1), (5.2) and (6.2) are satisfied. Let f ∈ Dp(X, d, µ)
be bounded and assume that u is a bounded p-harmonic function in Ω such that
lim
Ω∋y→x
u(y) = f(x) for Cp-q.e. x ∈ ∂Ω. (6.3)
If p < Q, assume in addition that limΩ∋y→∞ u(y) = limy→∞ f(y). Then u = Pf .
Note that, unlike in Theorem 6.6, the existence of a function satisfying (6.3)
for noncontinuous boundary data is not guaranteed by the Kellogg property (The-
orem 6.9 below).
Proof. By the proof of Theorem 6.7, f ∈ Dp(X̂, dˆ, µˆ) and hence f ∈ N1,p(X̂, dˆ, µˆ)
since it is bounded. Thus, the statement follows directly from [9, Corollary 10.16],
together with the sphericalization process and Lemma 5.3.
Also boundary regularity results carry over to unbounded domains, the most
important is maybe the Kellogg property, which we obtain using [11, Theorem 3.9],
together with Lemma 5.3. Recall that x ∈ ∂̂Ω is called regular if
lim
Ω∋y→x
Pf(y) = f(x) for all f ∈ C(∂̂Ω). (6.4)
Theorem 6.9. (Kellogg property) Assume that (5.1), (5.2) and (6.2) are satisfied.
The set of irregular boundary points in ∂Ω has Cp-capacity zero. Moreover, ∞ is
always regular if p < Q.
Useful properties of boundary regularity are its locality and the barrier charac-
terization, which transfer to unbounded domains in the following way. A superhar-
monic function u in Ω is a barrier at x0 ∈ ∂̂Ω if
lim
Ω∋y→x0
u(y) = 0 and lim inf
Ω∋y→x
u(y) > 0 for every x ∈ ∂̂Ω \ {x0}.
Theorem 6.10. Assume that (5.1), (5.2) and (6.2) are satisfied. A point x0 ∈ ∂̂Ω
is regular if and only if there exists a barrier at x0. (Equivalently, the barrier
can be chosen positive and continuous.) In this case, (6.4) holds for all bounded
f : ∂̂Ω→ R which are continuous at x0.
Moreover, regularity is local in the following sense:
(a) A finite boundary point x0 ∈ ∂Ω is regular with respect to Ω if and only if it
is regular with respect to Ω ∩G for some (or equivalently all) open G ∋ x0.
(b) The point ∞ ∈ ∂̂Ω is regular with respect to Ω if and only if it is regular with
respect to Ω \K for some (or equivalently all) compact K.
Proof. This follows directly from the sphericalization process, together with Theo-
rems 4.2 and 6.1 in Bjo¨rn–Bjo¨rn [7] (or [9, Theorem 11.11]).
Some of the above results are new also for unweighted Rn, n ≥ 2, with p > n/2,
but the Kellogg property and the barrier characterization appeared already in
Kilpela¨inen [37, Theorems 1.5 and Corollary 5.6] in this setting. We also obtain
several new characterizations of boundary regularity in unbounded sets correspond-
ing to the results in Bjo¨rn–Bjo¨rn [7, Theorem 6.1] (or [9, Theorem 11.11]), see also
Heinonen–Kilpela¨inen–Martio [29, Chapter 9].
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A direct consequence of Theorem 6.10 (a) is that the Wiener type criterion from
Bjo¨rn–MacManus–Shanmugalingam [22] and Bjo¨rn [20], [21] can be applied also to
finite boundary points in unbounded domains. Regularity of the point at∞ will be
discussed in the next section.
Other boundary regularity results that generalize from bounded to unbounded
sets are the trichotomy classification into regular, semiregular and strongly irregular
boundary points from Bjo¨rn [4] (or [9, Chapter 13]). These results can be applied
to finite boundary points as well as to ∞. Moreover, the results on approximation
by regular sets and on so-called Wiener solutions of the Dirichlet problem from
Bjo¨rn–Bjo¨rn [8] (or [9, Chapter 14]) generalize in a similar way.
Furthermore, since the p-energy is preserved under sphericalization, also quasi-
minimizers are preserved in just the same way as p-harmonic functions. We can
thus generalize many earlier boundary regularity results for quasiminimizers from
bounded to unbounded sets (provided that X satisfies our standing assumptions).
These include results in [3, Sections 4 and 5], [4, Section 6], [5, Section 7], [8,
Theorem 1.1], [16, Section 6], [18, Theorems 2.12 and 2.13] and [21, Theorem 1.1].
7. Resolutivity and regularity at ∞
For unbounded Ω, what happens at ∞ is of particular interest. Recall that by
Theorem 6.9, ∞ is always regular if p < Q. Theorem 6.10 (b), combined with
Theorem 7.5 in Bjo¨rn [5] (or [9, Theorem 11.27]), immediately implies the following
result.
Proposition 7.1. Assume that (5.1), (5.2) and (6.2) are satisfied. Let k > 0. Then
∞ ∈ ∂̂Ω is regular with respect to Ω if and only if it is regular with respect to every
unbounded component G of Ω \B(a, k). This in particular guarantees regularity of
the point at ∞ if there are no such unbounded components.
A simple application of the last part of Proposition 7.1 is demonstrated in the
following example.
Example 7.2. The point ∞ ∈ ∂Ω is regular with respect to
Ω = (0, 1)2 ∪
∞⋃
j=1
(2−j , 21−j)× (0, 2j),
since Ω \B(0, 2) consists only of bounded components.
The capacity Ĉp (or rather its variational analogue cap
X̂
p ) near ∞ plays an im-
portant role here through Wiener type criteria. Using (4.1), capX̂p can be described
by means of functions on X . This makes it possible to rewrite the Wiener type
integrals at ∞, appearing in Bjo¨rn [20], [21] and Bjo¨rn–MacManus–Shanmugalin-
gam [22], in terms of Ω and X . For a more hands-on result we use the fact that
porosity is sufficient for boundary regularity and formulate the following practical
condition.
Theorem 7.3. Assume that (5.1), (5.2) and (6.2) are satisfied. Assume that for
some k > 0 and for each unbounded component G of Ω \ B(a, k) there exist θ > 0
and xj ∈ X such that d(xj , a)→∞ as j →∞ and
B(xj , θd(xj , a)) ∩G = ∅ for all j = 1, 2, ... . (7.1)
Then ∞ ∈ ∂̂Ω is regular.
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Proof. Simple geometrical considerations show that (7.1) implies the existence of
θ′ > 0 so that for sufficiently large j (and with B̂ denoting balls with respect to X̂),
B̂(xj , θ
′dˆ(xj ,∞)) ⊂ B̂(∞, 2dˆ(xj ,∞)) \G,
i.e. that G is porous at∞ with respect to dˆ. The sphericalization argument together
with [9, Corollary 11.25 (c)] then implies that ∞ ∈ ∂̂G is regular with respect to
the component G. Since this is true for every unbounded component of Ω \B(a, k),
Proposition 7.1 concludes the proof.
Remark 7.4. The proof of Theorem 7.3 shows that if (7.1) holds for one partic-
ular unbounded component of Ω \ B(a, k) then ∞ is regular with respect to that
component.
In order to capture the behaviour of functions from different directions at∞, we
will consider the Mazurkiewicz metric dˆM on Ω, generated by dˆ, cf. Bjo¨rn–Bjo¨rn–
Shanmugalingam [13], [14]. For simplicity we will restrict ourselves to the case when
Ω is connected and satisfies (6.2). For x, y ∈ Ω, let
dˆM (x, y) = inf
E
diamdˆE,
where the infimum is taken over all connected sets E ⊂ Ω containing both x and y,
and the diameter is taken with respect to dˆ. It also gives rise to the Mazurkiewicz
boundary ∂̂MΩ with respect to dˆM in the usual way through completion. The
Mazurkiewicz metric dM on Ω generated by d, and the corresponding boundary
∂MΩ, are defined similarly.
It was shown in [13] that upper gradients, Newtonian spaces and p-(super)har-
monic functions within Ω are the same with respect to the Mazurkiewicz metric
and the original metric generating it. The only change needed in the definition of
Perron solutions with respect to the Mazurkiewicz boundary is that the lim inf in
(6.1) is with respect to dM and is required on ∂̂MΩ. To be able to use the results
from [13] we assume that Ω is finitely connected at the boundary with respect to dˆ,
cf. Na¨kki [46], Va¨isa¨la¨ [49], as well as [13] and [14]. This is equivalent to requiring
the following two conditions:
(i) Ω is finitely connected at every finite x ∈ ∂Ω, i.e. for every r > 0 and every
x ∈ ∂Ω there is an open neighbourhood U ⊂ B(x, r) of x such that Ω ∩ U
consists of only finitely many components;
(ii) for every k > 0 there is a compact set K ⊃ B(a, k) such that Ω \K has only
finitely many components.
By Proposition 2.5 in [14], the conditions (i) and (ii) can equivalently be stated
as follows. For x ∈ ∂Ω and r > 0, let N(r, x) be the number of components V of
B(x, r)∩Ω such that x ∈ V , and let H(r, x) be the union of all the other components
of B(x, r) ∩ Ω. Similarly, let N(r,∞) be the number of unbounded components of
Ω\B(a, r), and letH(r,∞) be the union of all the bounded components of Ω\B(a, r).
Then (i) and (ii) are equivalent to the following two conditions, respectively:
(i′) N(r, x) <∞ and x /∈ H(r, x), for every x ∈ ∂Ω and 0 < r < 1;
(ii′) N(r,∞) <∞ and H(r,∞) is bounded for every r > 1.
The condition (ii), or equivalently (ii′), means that the Mazurkiewicz metric
dˆM distinguishes between different copies of ∞, each corresponding to a decreasing
sequence of unbounded components of Ω \ B(a, k), k = 1, 2, ... . For unbounded
Ω ⊂ Rn with sufficiently smooth boundary it is only this requirement at ∞ that
takes effect since finite connectedness at finite boundary points is automatically
satisfied for such smooth domains.
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When discussing the Dirichlet problem with respect to the Mazurkiewicz bound-
ary ∂̂MΩ we will restrict ourselves to f ∈ C(∂̂MΩ), which is in fact equivalent to
f ∈ C(∂MΩ) together with the requirement that
lim
∂MΩ∋x→∞
f(x) exists and is finite along each decreasing sequence {Ωk}
∞
k=1
(7.2)
of unbounded components Ωk ⊂ Ω \ B(a, k), k = 1, 2, ... . Here we say that X ∋
xn →∞, as n→∞, along such a sequence Ω1 ⊃ Ω2 ⊃ ... if for every k there exists
Nk such that all xn with n ≥ Nk belong to the dM -closure of Ωk. Note that the
limit is allowed to be different for different directions towards ∞, i.e. for different
sequences {Ωk}
∞
k=1.
Under the assumption of finite connectedness at the boundary, it can be verified
that ∂̂MΩ equals ∂MΩ, together with all the copies of ∞ from different directions.
Finiteness at the boundary is equivalent to the compactness of the dˆM -closure of
Ω, see Bjo¨rn–Bjo¨rn–Shanmugalingam [14, Theorem 1.1] or Karmazin [35, Theo-
rem 1.3.8]. In the terminology of Adamowicz–Bjo¨rn–Bjo¨rn–Shanmugalingam [1]
and Estep [27], the sequence {Ωk}
∞
k=1 can be identified with a so-called prime end
at ∞, see [1, Theorem 9.6 and Corollary 10.9].
The following example shows that there can be uncountably many such direc-
tional sequences towards ∞.
Example 7.5. Let
A = {α = 0.α1 ... αn ∈ (0, 1) : αj ∈ {0, 1}, n = 1, 2, ...}
be the set of all α ∈ (0, 1) with finite binary expansions. Let ‖α‖ denote the last
nonzero position. For each α ∈ A, consider the ray
Fa = {z = re
iαpi ∈ C : r ≥ ‖α‖}
and let Ω be the upper half-plane with all these rays Fα, α ∈ A, removed. Then
Ω is finitely connected at the boundary and there are uncountably many directions
towards ∞ within Ω, corresponding to each α ∈ (0, 1) \ A. Theorem 7.3 implies
that the point at ∞ is regular with respect to Ω.
The following result is a direct consequence of the sphericalization process and
Theorem 8.2 in Bjo¨rn–Bjo¨rn–Shanmugalingam [13].
Theorem 7.6. Assume that Ω satisfies (i) and (ii), and that (5.1), (5.2) and (6.2)
are satisfied. Let f ∈ C(∂MΩ) be such that lim∂MΩ∋x→∞ f(x) exists and is finite
along each decreasing sequence of unbounded components of Ω\B(a, k), k = 1, 2, ... ,
in the sense of (7.2). Then f is resolutive with respect to the Mazurkiewicz bound-
ary.
Here, and in Theorem 7.7, it is assumed that f takes the value at a boundary
point at infinity given by the above limit, which may depend on the direction
towards ∞.
Boundary regularity with respect to the Mazurkiewicz boundary in bounded
domains that are finitely connected at the boundary was studied in Bjo¨rn [6]. The
results therein can therefore be reformulated using sphericalization for unbounded
domains as well. We leave the details to the interested reader and restrict our-
selves to the following special case which can be combined with the conditions in
Proposition 7.1, Theorem 7.3 and Remark 7.4.
Theorem 7.7. Let Ω and f be as in Theorem 7.6. Assume that
lim
∂MΩ∋x→∞
f(x) = A ∈ R along a decreasing sequence {Ωk}
∞
k=1 (7.3)
Sphericalization and p-harmonic functions on unbounded domains in Ahlfors regular spaces 19
of unbounded components Ωk ⊂ Ω \ B(a, k), k = 1, 2, ... . If ∞ is regular with
respect to Ωj for some j, then the Perron solution P
M
Ω f in Ω with respect to the
Mazurkiewicz boundary satisfies
lim
Ω∋x→∞
PMΩ f(x) = A along {Ωk}
∞
k=1,
i.e. the point at infinity in the direction of {Ωk}
∞
k=1 is regular.
Proof. Let ε > 0. It is easily verified using (7.3) that there exists k ≥ j such that
|f − A| < ε on ∂MΩk ∩ ∂MΩ. By Theorem 7.6, f is resolutive with respect to the
Mazurkiewicz boundary. It then follows from the definition of Perron solutions with
respect to ∂MΩ and ∂MΩk that
PMΩ f = P
M
Ωk
fk in Ωk, where fk =
{
f on ∂MΩk ∩ ∂MΩ,
PMΩ f on ∂MΩk ∩ Ω,
cf. Lemma 3.3 in Bjo¨rn [19]. Let
f˜k =
{
A+ ε on ∂Ωk ∩ ∂Ω,
PMΩ f on ∂Ωk ∩ Ω.
Then it is easy to see that PMΩkfk ≤ PΩk f˜k in Ωk. By Corollary 4.4 in Bjo¨rn–
Bjo¨rn [7] (or [9, Corollary 11.3]), ∞ is regular with respect to Ωk ⊂ Ωj . Since
∂Ωk ∩ Ω ⊂ ∂B(a, k), we see that f˜k is continuous at ∞ ∈ ∂̂Ωk, and thus we obtain
using [7, Theorem 6.1] (or [9, Theorem 11.11]) that
lim sup
Ω∋x→∞
PMΩ f(x) ≤ lim sup
Ω∋x→∞
PΩk f˜k(x) ≤ A+ ε along {Ωk}
∞
k=1.
Letting ε→ 0 and applying the same argument to −f concludes the proof.
Example 7.8. For j = 0, 1, 2, ... , let
Fj = {x = (x1, x2) ∈ R
2 : x2 = 2
jx1 ≥ 2
j}
and Ω = (0,∞)2 \
⋃∞
j=0 Fj . Then Ω is finitely connected at the boundary and the
“fingers” of Ω (each between Fj and Fj+1) determine countably many directions
towards ∞, accumulating towards the strip (0, 1)× (0,∞) ⊂ R2, which also deter-
mines one direction towards ∞. By Theorem 7.3, ∞ ∈ ∂̂Ω is regular with respect
to Ω, and so are all the ∂̂MΩ-boundary points at infinity, by Theorem 7.7.
Example 7.9. For j = 0, 1, 2, ... , let
F ′j = {x = (x1, x2) ∈ R
2 : x2 = 2
jx1 ≥ 1}
and Ω′ = (0,∞)2 \
⋃∞
j=0 F
′
j . The “fingers” of Ω (each between F
′
j and F
′
j+1)
determine countably many directions towards∞, accumulating towards the positive
x2-axis. This sequence of “fingers” also determines one direction towards ∞ even
though there is no single finger corresponding to it.
Since Ω is not finitely connected at the boundary, Theorems 7.6, 7.7 and 7.11
are not applicable. Nevertheless, Theorem 7.3 shows that the point at∞ is regular
with respect to Ω.
The influence of each of the directions to infinity on the Dirichlet problem is
determined by the capacity ĈMp , which is adapted to Ω and the Mazurkiewicz
metric, as in Bjo¨rn–Bjo¨rn–Shanmugalingam [13]. To keep the exposition simple, we
will restrict ourselves to the following sufficient condition guaranteeing that a point
at infinity is negligible along a decreasing sequence Ω1 ⊃ Ω2 ⊃ ... of unbounded
components of Ω \B(a, k), k = 1, 2, ... , cf. Definition 4.1 in Hansevi [28].
20 Anders Bjo¨rn, Jana Bjo¨rn and Xining Li
Definition 7.10. We say that a decreasing sequence {Ωk}
∞
k=1 of unbounded compo-
nents of Ω\B(a, k), k = 1, 2, ... , is p-parabolic towards ∞ if there exist uj ∈ N
1,p(Ω)
satisfying uj = 0 in Ω ∩B(a, j),∫
Ωj
gpuj dµ→ 0, as j →∞, (7.4)
and lim infx→∞ uj(x) ≥ 1 along {Ωk}
∞
k=1 for each j = 1, 2, ... .
Theorem 7.11. Let Ω and f be as in Theorem 7.6. If {Ωk}
∞
k=1 is p-parabolic to-
wards∞ then the point at∞ is negligible for the Perron solution Pf along {Ωk}
∞
k=1,
i.e. the requirement lim infΩ∋x→∞ u(x) ≥ f(∞) in the definition of Pf does not need
to be satisfied when x→∞ along {Ωk}
∞
k=1.
Proof. This follows from Theorem 8.2 in Bjo¨rn–Bjo¨rn–Shanmugalingam [13] and
the fact that (7.4), together with (4.1), implies that the corresponding point in the
Mazurkiewicz boundary ∂̂MΩ has zero Ĉ
M
p -capacity. See the proof of Theorem 6.5
for further details.
Note that if, as in Example 7.5, there are uncountably many directions towards
∞, it may happen that ĈMp (E,Ω) > 0, even if each direction towards ∞ is p-
parabolic, where E is the set consisting of all the p-parabolic directions towards∞.
Thus we cannot conclude that all of E can be ignored in the definition of Perron
solutions, at least not using the technique here.
8. p-harmonic measure is nonadditive on null sets
The p-harmonic measure of a set E ⊂ ∂Ω is ωp(E; Ω) := PχE , where χE is the
characteristic function of E. When p = 2 it becomes the usual (upper) harmonic
measure.
For the upper half plane R2+ = {(x, y) ∈ R
2 : y > 0}, equipped with the
Lebesgue measure m, Llorente–Manfredi–Wu [45] showed that for any p 6= 2 there
are sets E1, ... , Ek such that
⋃k
j=1 Ej = R, but ωp(Ej ;R
2
+) = m(R \ Ej) = 0,
j = 1, ... , k. Since ωp(R;R
2
+) = 1, it follows that there are two sets A1, A2 ⊂ R
such that
ωp(A1;R
2
+) = ωp(A2;R
2
+) = 0 < ωp(A1 ∪ A2;R
2
+),
showing that the p-harmonic measure is not finitely subadditive on zero sets. As
in Definition 6.4 and [29, Section 11], the p-harmonic measure in [45] is taken with
respect to the compactified boundary ∂̂R2+ = R∪ {∞}. The equality ωp(R;R
2
+) =
ωp(∂̂R
2
+;R
2
+) = 1 then follows from [29, Theorem 11.4] and the following lemma.
The lemma was mentioned in [45], but for the reader’s convenience we provide a
proof.
Lemma 8.1. Let X = Rn, n ≥ 2, equipped with the Lebesgue measure, and let
p > 1. Then ωp({∞};R
n
+) = 0.
Proof. Let f = χ{∞}. Consider first the case when 1 < p < n. Let
uk(x) = 1−
(
|x− (0, ... , 0,−k)|
k
)(p−n)/(p−1)
, x ∈ Rn+.
Then uk ∈ Uf and thus for each x = (x1, ... , xn) ∈ R
n
+,
ωp({∞};R
n
+)(x) ≤ uk(x) ≤ 1−
∣∣∣∣xn + kk
∣∣∣∣(p−n)/(p−1) → 0, as k →∞.
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For p ≥ n, k ≥ 2 and x ∈ Rn+, we instead let
uk(x) =

1
k
|x|(p−n)/(p−1), if p > n,
log
|x− (0, ... , 0,−k)|
k
, if p = n.
These are estimated similarly.
The proof in [45] uses an idea of Wolff [50] which involves intricate use of scaling
and translation invariance, and is thus not applicable to bounded domains. Now
we are able to construct similar bounded examples using sphericalization. As men-
tioned in [45], by adding dummy variables one directly obtains similar examples
also on Rn+, n ≥ 3. Using the sphericalization technique in this paper we obtain the
following example on the sphere Sn.
Example 8.2. Let X = Rn and X̂ = Sn be its sphericalization, n ≥ 2, 1 < p <∞,
p 6= 2, Ω = Rn+, and A1 and A2 be as above. When Ω is seen as a bounded
subdomain of X̂, we have that
ωp(A1; Ω) = ωp(A2; Ω) = 0 < ωp(A1 ∪ A2; Ω),
showing that also in this situation the p-harmonic measure is not finitely subadditive
on zero sets. The sets Ej transfer similarly.
Note that the metric dˆ from (3.1), that we equip the sphere X̂ = Sn with, is
not the usual spherical (inner) metric, nor the metric induced by Rn+1. Moreover,
X̂ = Sn is equipped with a measure which depends on p.
Just as sphericalization can be used to map an unbounded space into a bounded
space, flattening can be used in the converse direction, see Li–Shanmugalingam [44]
and Durand-Cartagena–Li [25], [26]. Thus we can flatten the sphere in Example 8.2,
mapping a point c /∈ Ω to infinity, e.g. c = (0, ... , 0,−1). This would produce an
example of a bounded domain in Rn in the spirit of the example by Llorente–
Manfredi–Wu [45], where Rn necessarily needs to be equipped with some weighted
measure, if p 6= n.
In this particular case, we can obtain the same result by using spherical inversion
as follows: Let X = Rn, equipped with the Lebesgue measure dx, and let Y be
another copy of Rn. Let Φ : X \ {0} → Y \ {0} be given by
Φ(x) =
x
|x|2
, and thus Φ−1(y) =
y
|y|2
. (8.1)
We extend Φ so that Φ(∞) = 0 and Φ(0) = ∞. As we shall see, to preserve the
p-energy we need to equip Y with the measure dµˆ(y) = |y|2(p−n) dy.
Let Ω ⊂ X be open and consider a function u : Ω → R. Let Ω̂ = Φ(Ω) and
uˆ = u ◦ Φ−1 : Ω̂→ R. As in Proposition 4.3 we see that
gˆuˆ(y) = |x|
2gu(x) =
gu(x)
|y|2
, where y = Φ(x),
provided that u ∈ Dploc(Ω) and uˆ ∈ D
p
loc(Ω̂). It then follows that∫
Ω̂
gˆpuˆ dµˆ(y) =
∫
Ω
(|x|2gu(x))
p|x|2(n−p)|x|−2n dx =
∫
Ω
gpu dx,
i.e. the p-energy is indeed preserved (and u ∈ Dploc(Ω) if and only if uˆ ∈ D
p
loc(Ω̂)).
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Example 8.3. To get a bounded example in the spirit of Llorente–Manfredi–
Wu [45], we first shift their example and let Ω =
{
(x1, ... , xn) : xn >
1
2
}
. (Their
sets Ej and Aj should also be shifted using the map x 7→ x +
(
0, ... , 0, 12
)
.) After
performing the inversion (8.1), we directly get a bounded example, with Ω̂ being
the unit ball in Rn centred at (0, ... , 0, 1). The sets Ej and Aj transfer as described
above into Êj = Φ(Ej), Aˆj = Φ(Aj) ⊂ ∂Ω̂.
To fit within the standard framework as e.g. in Heinonen–Kilpela¨inen–Martio [29],
we need µˆ to be a p-admissible measure. By [29, p. 10], this happens if and only
if 2(p − n) > −n, i.e. p > n/2, recovering a condition that we have encountered
earlier. (If 2(p−n) ≤ −n then the weight is not locally integrable around the origin
and thus cannot be p-admissible.)
When p = n > 2 the weight is 1 and thus (Rn, dµˆ) is the unweighted Rn.
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